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Abstract. This paper contains the second part of a two-part series on the stability and instability 
of extreme Reissner-Nordstrom spacetimes for linear scalar perturbations. We continue our study 
of solutions to the linear wave equation \3 g ip = on a suitable globally hyperbolic subset of such 
a spacetime, arising from regular initial data prescribed on a Cauchy hypersurface So crossing 
the future event horizon W+. We here obtain definitive energy and pointwise decay, non-decay 
and blow-up results. Our estimates hold up to and including the horizon A hierarchy of 

conservations laws on degenerate horizons is also derived. 



1. Introduction 

In this paper we shall attempt to provide a complete picture of the stability and instability of 
extreme Reissner-Nordstrom backgrounds under linear scalar perturbations, extending the results of 
[1] on the wave equation 

(1.1) Ug%l) = Q. 

Here we derive definitive energy and pointwise decay, non-decay and blow-up results for solutions i\) 
to the wave equation and their derivatives in the domain of outer communications up to and including 
the event horizon T-L + . Note that the picture we obtain is in sharp contrast with the non-extreme 
case where decay holds for all higher order derivatives of tp along H + . 

1.1. Preliminaries. The extreme Reissner-Nordstrom metric in coordinates (v, r, &,</)) eRx M. + x § 2 
takes the form 

g = —Ddv 2 + 2dvdr + r 2 g§i , 

where M is a positive constant, D = (l — and g§2 is the standard metric on § 2 . The event 
horizon H + corresponds to r = M, the black hole region to r < M and the domain of outer 
communications to r > M. The photon sphere is located at r = 2M. 

For the reader's convenience we recall that the main results of [1 include: 1) non-degenerate 
energy and pointwise uniform boundcdness of solutions, up to and including H + , 2) local integrated 
decay of energy, up to and including the event horizon T-L + , 3) sharp second order L 2 estimates, 
up to and including 4) non-decay along Ji + of higher order translation invariant quantities for 
spherically symmetric solutions. 

Recall also that L 2 spacetime estimates which do not degenerate at the photon sphere require 
commutation with the Killing vector field T = d v . This is the so-called trapping effect at the 
photon sphere. Note that another characteristic feature of degenerate horizons which was exposed 
in [T] is that obtaining L 2 spacetime estimates which do not degenerate at the horizon TL + requires 
commutation with the (non-Killing) vector field d r and, therefore, loss of derivatives characteristic 
of trapping takes place on degenerate horizons in analogy to the photon sphere. 
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1.2. Overview of Results and Techniques. In the present paper, we combine the previous results 
of pQ with certain new techniques to obtain definitive decay, non-decay and blow-up results. In par- 
ticular, we present a method based on an adaptation of [16] to derive degenerate and non-degenerate 
energy decay. This adaptation requires the introduction of yet another vector field P and is necessary 
in view of the degeneracy of the surface gravity on the horizon. We also introduce a new method for 
obtaining sharp pointwise decay results. The instability properties of ip (non-decay and blow-up for 
derivatives of ip) rest upon a hierarchy of conservation laws on a specific class of degenerate horizons 
(which includes the extreme Reissner-Nordstrbm) presented here for the first time. As we shall see, 
these laws are of great analytical importance. 

1.2.1. Conservation Laws on T-L + . Recall that in [T] we derived a conservation law for the spherical 
mean ipo of solutions ip to the wave equation based on the degeneracy of the redshift along T-L + . 
However, as we shall see, on top of the degeneracy of the redshift, the event horizon satisfies an 
additional property which allows us to obtain a hierarchy of such laws. Specifically, we show that 
a conservation law holds for every projection ipi of tp ( viewed as an L 2 function on the spheres of 
symmetry) on the eigenspace E of the spherical Laplacian //\ (for all spherical harmonic numbers 

ZeNj. 

According to these laws a linear combination of the transversal derivatives of ipi of order at most 
I + 1 is conserved along the null geodesies of H + (see Theorem [l] of Section [2]). As we shall see, these 
conserved quantities allow us to infer the instability properties of extreme black holes described in 
Section |1.2.4[ and thus, understanding their structure is crucial and essential. Of course, no such 
conserved quantities exist in the subextreme case. 

As an aside, based on these laws, we also explicitly show that the Schwarzschild boundedness 
argument of Kay and Wald !2T] cannot be applied in the extreme case, i.e. we show that for generic 
ip, there does not exist a Cauchy hypersurface S crossing % + and a solution ip such that 

Tip — ip 

in the causal future of E (where T = d v ). The existence of such ip was key for the argument of |21j . 

1.2.2. Sharp Higher Order L 2 Estimates. We next establish higher order L 2 estimates of the deriva- 
tives of ip by commuting repeatedly with the vector field d r ; see Theorem [2] of Section [2j In view 
of the conservation laws one expects to derive fc'th order (k > 1) L 2 estimates close to H + only if 
ipi = for all I < k. In fact in Section [7] we show that if the above restriction on the frequency range 
is not satisfied then no such estimate can be derived. By using appropriate modifications and Hardy 
inequalities we obtain the sharpest possible result. See Section |4j Note that the spacetime term of 
such estimates degenerates with respect to the transversal derivative to T~L + . In order to retrieve this 
derivative one needs to commute once again with <9 r , use Hardy inequalities and thus assume that an 
initial quantity of even higher order is bounded. This reflects the higher order trapping effect present 
on T-L + (recall that the case k — 1 was treated in [T]). The difficulty in deriving such L 2 estimates 
comes from the fact that the trapping effect is coupled with the low-frequency obstruction described 
in Section OTA 

1.2.3. Energy and Pointwise Decay. Using an adaptation of the methods developed in the recent |16j . 
we obtain energy and pointwise decay for ip. See Theorems [3] and [4] of Section [2] 

Recall that in |16j . a general framework is provided for obtaining energy decay. The ingredients 
necessary for applying the framework are: 1) good asymptotics of the metric towards null infinity, 2) 
uniform boundedness of energy and 3) integrated local energy decay (where the spacetime integral 
of energy should be controlled by the energy of ip and, in view of the trapping effect at the photon 
sphere, of Tip too). We first verify that extreme Reissner-Nordstrom satisfies the first hypothesis. 
However, in view of the trapping and the conservation laws on the event horizon H + , it turns out 
that the method described in |16j can not be directly used to yield decay results in the extreme case. 
Indeed, the third hypothesis of |16j is not satisfied in extreme Reissner-Nordstrom. For this reason, 
we introduce a new causal vector field P which allows us to obtain several hierarchies of estimates in 
an appropriate neighbourhood ofH + . These estimates avoid multipliers or commutators with weights 
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in t, following the philosophy of [IB]. Our method applies to black hole spacetimes where trapping 
is present on % + (including, in particular, a wide class of extreme black holes). 

Pointwise decay for Z > 2 then follows by commuting with the generators of so(3) and Sobolev 
estimates. Regarding the cases / = 0, 1, we present a new method which is based on the interpola- 
tion of previous estimates which hold close to % + and away from T~L + . Note that the low angular 
frequencies decay more slowly than the higher ones. See Section [BJ 

We finally mention that Blue and Soffer have previously proved in [3] that a weighted L 6 norm in 
space decays like However, this weight degenerates on the horizon and the initial data have to 
be supported away from T-L + . 

1.2.4. Higher Order Estimates: Energy and Pointwise Decay, Non-decay and Blow-up. In order to 
provide a complete picture of the behaviour of solutions ip, it remains to derive pointwise estimates for 
all derivatives of ip. Let ipi denote the projection of ip on the eigenspace E l of the spherical Laplacian 
as above. Then the derivatives transversal to H + of ipi decay if the order of the differentiation is 
at most I. If the order is I + 1, then for generic initial data this derivative converges along H + to a 
non-zero number and thus does not decay. By generic initial data we mean data for which certain 
quantities do not vanish on % + . If, moreover, the order is at least I + 2, then for generic initial 
data these derivatives blow up asymptotically along H + . Note that these differential operators are 
translation invariant and do not depend on the choice of a coordinate system. The blow-up of these 
geometric quantities suggests that extreme black holes are dynamically unstable. 

If, on the other hand, we consider the wave T m ipi then one needs to differentiate at least I + 2 + m 
times in the transversal direction to obtain a quantity which blows up. See Theorems [5] and [BJ of 
Section [2] Therefore, the T derivatives^ counteract the action of the derivatives transversal to H + . 

We conclude this paper by deriving similar decay and blow-up results for the higher order non- 
degenerate energy. In particular, we show that although (an appropriate modification of) the redshift 
current can be used as a multiplier for all angular frequencies, the redshift vector field N can only 
be used as a commutator for ip supported on the frequencies / > 1 and, more generally, one can 
commute with the redshift vector field at most I times for ip supported on the angular frequency I. See 
Section [7j 

1.3. Open Problems. An important problem is that of understanding the solutions of the wave 
equation on the extreme Kerr spacetime. This spacetime is not spherically symmetric and there is 
no globally causal Killing field in the domain of outer communications (in particular, T becomes 
spacelike close to the event horizon). Recent results [TH| overcome these difficulties for the whole 
subextreme range of Kerr. The extreme case remains open. 

Another related problem is that of the wave equation coupled with the Einstein-Maxwell equations. 
Then decay for the scalar field was proven in the deep work of Dafermos and Rodnianski [T^] . Again 
these results hold for non-extreme black holes. For the extreme case even boundedness of the scalar 
field for this system remains open. 

2. The Main Theorems 

We consider the Cauchy problem for the wave equation on the domain of outer communications 
of extreme Reissner-Nordstrom spacetimes (including 'H + ) with initial data 

(2.1) ^| So = Vo e Hl c (So) , n Eo ^| So = ^ e ff^; 1 (S ) , 

where the hypersurface £0 crosses H. + and terminates either at spacelike infinity i° or at null infinity 
I + and ns denotes the future unit normal of So- We assume that k > 2 and that 

(2.2) lim rip 2 (x) = 0. 

x— >i° 

For simplicity, from now on, when we say "for all solutions ip of the wave equation" we will assume 
that ip satisfies the above conditions. Note that for obtaining sharp decay results we will have to 
consider even higher regularity for ip. 



It is also shown that Tip decays faster than if). 
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2.1. Notation. For the definition of the relevant notions and notation used throughout the paper 
we refer to pQ. For the convenience of the reader, we briefly recall the notation (and conventions) 
necessary for understanding the statement of the main theorems. Let ipi denote the projection of ip 
on the eigenspace E l (with corresponding eigenvalue — 1(1 + 1), I G N) of the spherical Laplacian 
We will say that ip is supported on the angular frequencies I > L if ipi = 0, i = 0, L — 1 initially 
(and thus everywhere) . Similarly, we will also say that ip is supported on the angular frequency I = L 
if ip e E L . 

Let N be a <p^~ invariant timelike vector field which coincides with T away from T~L + (as defined in 
Section 10 of pp). The coordinate vector field d r corresponds to the system (v,r) and is transversal 
to H + . Let T denote the globally causal and Killing vector field d v . Let tp^ denote the flow of T. 
We define the foliation S T = ip^(T, ) and the region 7Z(0, r) = Uo<f <r^f • 

Note that the energy currents [ip] , K v [ip] associated to the vector field V are defined in Section 
5 of PP. For reference, we mention that close to H + we have 

■>JWK T ~ (Tip) 2 + D{d^) 2 + iwi 2 , 

which degenerates on H + (since D = (l — ^-) 2 ), whereas 

■Wk t ~ ™ 2 + (d r v) 2 + m 2 , 

which does not degenerate on H + . 

For obtaining energy decay we shall make use of the E r foliation defined as follows: We fix 
i?o > 2M and consider the hypersurface Eo which is spacelike for M < r < Ro and crosses T~L + and 
for r > Ro is given by u — u(po), where the coordinate u corresponds to the null system (u, v) with 
respect to which the metric is g = —Ddudv + r 2 g§2, and the point po £ E is such that r(p ) = R . 




We now define S T = ip^(Ylo). Then for r sufficiently large we have 

jJ[VV~ t ~(^) 2 + IWI 2 , 

where d v corresponds here to the null coordinate system (u, v). 

2.2. Summary of Results of Part I. It would be helpful to summarize several of the results of [T] 
at this point. We have 

(1) Uniform boundedness of non-degenerate energy: 

(2) Local integrated decay of energy: 

/ mr) ( (r " ™Z ' — ((^) 2 + i^i 2 + d2 ^ 2 + ) <o, lm< - 

Note that the above estimate degenerates on the photon sphere (where r = 2M) and the event 
horizon. In order to remove the degeneracy on the photon sphere we need to commute with the vector 
field T. This is related to the so-called trapping effect present on the photon sphere. Note that the 



LINEAR STABILITY AND INSTABILITY OF EXTREME REISSNER-NORDSTROM II 



5 



same phenomenon takes place on the 'photon spheres' of a wide class of black hole spacetimes. Fur- 
thermore, as is shown in pQ, the degeneracy of the above estimate on % + may only be removed after 
commuting with the (non-Killing) vector field d r . This revealed that degenerate horizons exhibit 
phenomena characteristic of trapping. This will be of fundamental importance for the analysis of the 
present paper. 

(3) Sharp Second Order L 2 Estimates: There exists ro such that M < ro < 2M and if A = 
TZ(0,t) l~l {M <r< ro} then for all ip supported on the angular frequencies I > 1, the following 
holds: 

{Td r i>f + {d r dri:f + \f8 r ^\ 2 + f (Td^f + X l | 



+ / {Td r i>f + VD(d r d r ^f + \fa r ^\ 2 

J A 

<C I J^M< + C J J^mn^ + C [ J?[d r 4]n£ , 

JT, JT.Q JT. Q nA 

where x.i — if ip is supported on I = 1 and = 1 if ^ is supported on Z > 2. 

>f the higher 



(4) Non-decay (for generic initial data) of the higher order quantity 

1.2 i /a „/.\2 



along W + . 

2.3. The Statements of the Main Theorems. The main results of the present paper are: 

Theorem 1. ( Conservation Laws along H + ) For all I £ N there exist constants i = 0, 1, ...,l, 

which depend on M and I such that for all solutions ip which are supported on the (fixed) angular 
frequency I the quantity 

I 

i=0 

is conserved along the null geodesies ofH + . 

Theorem 2. (Higher Order I? Estimates: Trapping on H + ) 

(1) There exists ro such that M < tq < 2M and a constant C > which depends on M , I and 
So such that if A — {M < r < ro} fl TZ(0, t) and k < I then for all solutions if) of the wave 
equation which are supported on frequencies greater or equal to I, the following holds 

(Td^) 2 + (a r fe+ » 2 + \fd^\ 2 + f (Td^) 2 + X{k =i } \fd^\ 2 

f 
.4 

k k 



So' 

i=n ^s i=1 JT. a nA 

where X{k=i} — if k = I and X{ k =i} — 1 otherwise. 
(2) // ip is replaced with T m ip, m > 1, then similar L? estimates hold for all k < I + m. Also in 
this case, for all k < I + m we do not need the factor X{k=i} ■ 

Remark 2.1. In view of the (l — factor, the spacetime term of the above estimate degenerates 
on T-L + . To remove this degeneracy one needs to lose even more derivatives by commuting with the 
vector field d r one more time. This reflects the higher order trapping effect ofH + . The commutation 
with T is related to the trapping on the photon sphere. 
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Theorem 3. (Energy Decay) Consider the foliation E T as defined above. Let 



r" 1 (d v (ri>)Y 



and 



where A is as defined in Theorem^ Here d v corresponds to the null system (u,v) (whereas d r still 
corresponds to the Eddington-Finkelstein coordinate system (v,r)). There exists a constant C that 
depends on the mass M and So such that: 

• For all solutions ip of the wave equation we have 



where 



For all solutions ip to the wave equation which are supported on the frequencies I > 1 we have 



J?bl>]n? < CE 2 {^ 



1 



T 



where 



E 2 w = i%m. 



So 

For all solutions ip to the wave equation which are supported on the frequencies I > 2 we have 

1 



where 



J^K < CE 3 [ip}- 



EM=llm+lg[m+ I . J^[d r dA]nl o + i (d v {riP)f. 



Remark 2.2. In view of the trapping effect on 1-L + , to obtain decay of the non- degenerate energy we 
need to 'lose' the d r derivative (which appears in I~! [ip]). Note that the full decay requires 'losing' 
the higher order derivative d r d r (which appears in E%[ip]). 

Theorem 4. (Pointwise Decay) Fix Ri such that M < i?i and let r > 1. Let E\,E2,E% be the 
quantities as defined in Theorem [3| Then, there exists a constant C that depends on the mass M, 
Ri and So such that: 

• For all solutions ip to the wave equation we have 

M<Cy/fy-^, \iP\<C^E~ 5 ^^ 
V r ' r r ' V T 

in {Ri < r}, where 

e 5 =Y,Ex [nV], 

|fc|<2 

with Q £ £^2,^3} and £2j,i = 1,2,3 are the angular momentum operators. 

• For all solutions ip of the wave equation we have 

T5 



in {M < r < Ri}, where 

k-n./.l , m , V^/7n mk.l.l , Tn mk.l.l\ , HQ .1.1 

L~(S )- 



E 6 =E 1 + EM + E 4 [Tijj] + E 5 + {El [fiV] + E 3 [fi*V]) + RV>f 



|fc|<2 
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• For all solutions ip to the wave equation which are supported on the frequencies I > 1 we have 

1 



7-4 

in {M < r < Ri}, where 

E 7 = E 5 +J2 E 2 [nV] + P^) ■ 

|fc|<2 \k\<2 

For all solutions ip to the wave equation which are supported on the frequencies I > 2 we have 

-1 



M < Cy/Es 



T 



in {M < r < Ri}, whe 



\k\<2 



Theorem 5. (Higher Order Energy and Pointwise Estimates I: Decay Results) Fix R\ 

such that R\ > M and let r > 1. Let also k,l,m £ N. Then, there exist constants C which depend 
on M, I, k, Ri and T, such that the following holds: For all solutions tp of the wave equation which 
are supported on the (fixed) angular frequency I, there exist norms Ek t ^ m , Ek,i, m of the initial data 
of ip such that 



1 

2 

E^n{M<r<_Ri} 



(1) / J^[9 r fe r"V]n| <CEl l ^forallk<l + m-2, 



1 

l u r ± ^"g ^ ^ ±J l+m—X,l,m~- 



(2) / J^\d^ m ^T m ^\n% <CE? 

(3) \d*T m ip\ < CE klm - in {M <r< for all k < I - 2 + m, 

(4) \d l + m ~ 1 T m ^\ < CEi +m ^,i <m \ m {M < r < R,}, 

T 4 

(5) \d l r +m T m iP\ < CE l+m ,, m \ m {M < r < R 1 }, 

T 4 

Theorem 6. (Higher Order Energy and Pointwise Estimates II: Non-Decay and Blow- 
up Results) Fix R\ such that Ri > M. Let k,l,m £ N and Hi[ip] be the functions as defined in 
Theorem^ Then there exist non zero constants C,c (in fact c > 0) which depend on M, I, fc, R\ such 
that for generic solutions ip to the wave equation which are supported on the (fixed) angular frequency 
I we have 

(1) 

d l + m +^T m v(r, e, <j>) -> cm m (6, <j>) 

as t — y +00 along Tl + and generically Hi[ip] 7^ almost everywhere on Sq = S n W + (and 
C =1 form = 0). 

(2) 

\d l + m+k r n ip\ {r,e,4>) > cimme^)]^- 1 

asymptotically on % + for all k > 2. 
Finally, for generic solutions ip to the wave equation we have 

I J^[d k r T m M ^ +00 

JT. T n{M<r<R 1 } 

as t — > +00 for all k > m + 1 . 
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3. Conservation Laws on Degenerate Event Horizons 

We will prove that the lack of redshift gives rise to conservation laws along H + for translation 
invariant derivatives. These laws govern the evolution of the low angular frequencies and play a 
fundamental role in understanding the evolution of generic solutions to the wave equation. 

We use the regular coordinate system (v,r). Let T = d v , where d v denotes the coordinate vector 
field corresponding to the system (v, r). As we shall see our results can be applied to a general class of 
(spherically symmetric) degenerate black hole spacetimes. We conclude this section by showing that 
the argument of Kay and Wald (see [21]) could not have been applied in our case even for obtaining 
uniform boundedness of the solutions to the wave equation. 

Let us first consider spherically symmetric solutions. 

Proposition 3.0.1. For all spherically symmetric solutions ip to the wave equation the quantity 

(3.1) H [ip]=d r ^ + ^ 
is conserved along R + . 

Proof. Since tp solves O g ip = and since /f^ip = we have Td r ip+ jjTip — and, since T is tangential 
to H + , this implies that d r ip + j^ip remains constant along H + . □ 

Proposition 3.0.2. For all solutions tp to the wave equation that are supported on the angular 
frequency I — 1 the quantity 

(3.2) Hi U'} = d r d r i> +^d r 4+ ^ 
is conserved along the null geodesies of % + . 

Proof. Since tf\i[> = — ^tpt the wave equation on % + gives us 

(3.3) 2Td r iP + ^TiP = ^. 
Moreover if R = D' + ^ then 

d r (Dgifj) =Dd r d r d r ip + 2Td r d r ^ + ^d r Tijj + Rd r d r ip + d r fiip + D'd r dA - + R'd r ip 

and thus by restricting this identity on R + we take 

(3.4) 2d?TiP + Ad r TV> - + + (JL + Bf(M)\ d r i> = 0. 



However, R'(M) = and in view of (|3.3|) we have 



28^ + ^ W - ^ + A f 2drTi} + l^]=i. 



which means that (3.2 1 is constant along the integral curves of T on % + . □ 

Proposition 3.0.3. There exist constants a-,] = 0, 1, I — 1, i = 0, 1, j + I, which depend on M 
and I such that for all solutions ip of the wave equation which are supported on the (fixed) frequency 
I we have 

i=Q 

onU+. 



Proof. For j = 0, 1 we just have to revisit the proof of Proposition 3.0.2 and use the fact that for all 

M 2 



I > 2 we have — + R'{M) ^ 0. We next proceed by induction on j for fixed I. We suppose that 
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the result holds for j 
Clearly, 



0, 1, k — 1 and we will prove that it holds for j = k provided k < I — 1. 



d k {U g 4>) =D (d k+2 ^) + 2d k+1 Tib + -d k r^ + Rd k+1 ^ + d k r H 
(3-5) J_ /iA JL /h\ 2 



E 



it 



\dlD-d k ~ t+2 iP + Y, 

i=l i=l 

We observe that the coefficients of d k+2 ip and d k+1 ip vanish on H + . Since flap — — 
coefficient of d k ip on T~L + is equal to 



d^Tijj + ( -jdi-R ■ d k r l+1 ^. 

ip, the 



(3.6) 



D 



R 1 



1(1 + 1) k(k + l) 2 1(1 + 1) 



M 2 



M 2 



M 2 



which is non-zero if and only if I ^ k. Therefore, for all k < I — 1 we can solve with respect to d k ip 
and use the inductive hypothesis completing thus the proof of the proposition. □ 



3.0.3 



there exist constants 



Proof of Theorem^ of Section^ We apply (3.5) for k = I. Then, according to our previous calcu- 
lation, the coefficients of d l r +2 ip, d l r +1 ip and d l r i\) vanish on H + . Therefore, we en d up with the terms 
d k Tip, k = 0, 1, I + 1 and d(ip,j — 0, f , / — f . Thus, from Proposition 
/3i, i — 0, 1 , I which depend on M and I such that 

i 

1=0 

on H + , which implies that the quantity 

i 



i=0 



□ 



is conserved along the integral curves of T on 

Note that the above theorem holds for more general extreme black hole spacetimes. Indeed, let 
the metric with respect to the coordinate system (v, r, 0, <fi) take the form 

g = —Ddv 2 + 2dvdr + r 2 g§2 , 

for a general D = D(r). If this spacetime admits a black hole whose event horizon is located at 
r = r-u+ where D(r-^+) — 0, then the above theorem (and proof) still holds if 

(3.7) D'(r n+ ) = 0, 



(3.8) 



D"(r w 



H+ 



The equation ( 3.7 ) expresses the extremality of the black hole whereas the additional ( 3.8 ) is necessary 
so (3.6| holds. Note here that ( 3.6 ) trivially holds for the frequency I — and thus ( 3.8 1 is not required 
for spherically symmetric solutions of the wave equation. In [2], we provide even more general 
assumptions under which we have conservation laws for spherically symmetric self-gravitating scalar 
fields on extreme black holes. 

3.1. Applications. Note that although we show in Section [7] that Hi[ip] is non-zero almost every- 
where on H + n Eo for generic initial data, we have Hi[T m ip] = for all ip and m > 1. For the waves 
of the form T m ip we have the following 

Proposition 3.1.1. There exist constants and Ay which depend on M,l,m and such that for 
all solutions of the wave equation which are supported on the frequency I we have 

m I 
j=0 i=Q 

onU + . 
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Proof. Consider (3.5 1 for k = I + 1. Then 



= 2d l r +2 TiP + ^d l r +1 Tijj + d l r +1 (^- l l± 1 l^ + 

i=2 ^ ' i=l ^ ' ;_i \ / 



f+2 



Since i?;[lY>] = 0, the term d l r +1 Tip can be expressed in terms of Tip, d r Tip, d^Tip. Note also 
<9' +1 i/', whose coefficient on the right hand side is non-zero, can be replaced by a linear expression 
of Hi[ip],ip f d r ip, ...,d°,ip. This proves the proposition for m = 1. The general case can be proved 



inductively by using (3.5) for k = I + m and ip replaced with T m ip. Indeed, we obtain that 
d l r +m+1 T m i/j can be expressed on T-L + as a linear combination of the terms d l r +m T m ip,d l r +m T ra ^ 1 ip 
and d k T m iP and d^T" 1 " 1 ^ for k < I + m - 1. For the terms d l + m T m iP,d'?T m 4>,d*T m - 1 4; with 
k < I + m — 1 we use the inductive hypothesis and that Hi[T l ip] = for all i > 1. Note finally 
that the coefficient of d^ +m T rn ~ 1 ip is non-zero and, therefore, this term can be replaced by a linear 
combination of £//[V>] and d^T^tp for i < I, j < m. 

□ 

We conclude this section with the following important application of Theorem [l] 

Proposition 3.1.2. For generic initial data there is no Cauchy hyper surface £ crossing R + and a 
solution ip of the wave equation such that 

Tip — ip 

in the future of S. 

Proof. Suppose that there exists a wave ip such that Tip = ip. Then we can decompose ip = ipo + ip>i 
and take 

Tip =T^ + 2ty>i = (TiP) + (TiP)>x 

since T is an endomorphism of the eigenspaces of /f\. But Tip = ip and thus ipo = (Tip)o — TipQ. 
Since ipo is a spherically symmetric wave we have d r Tipo + j^Tipo = which yields d r ipo + jjipo = 0. 
However, the quantity d r ipo + jjipo is completely determined by the initial data and thus for generic 
initial data it is non-zero. □ 

This shows that we can not adapt the argument of Kay and Wald for the extreme case (see [20] 
and |21j ) even for proving the uniform boundcdncss of solutions to the wave equation. Indeed, using 
this argument one could prove that in Schwarzschild that for any solution of the wave equation ip 
there is another solution ip such that Tip = ip in the future of a Cauchy hypersurface £ of the region 
J + (E) n T>, where T> denotes the domain of outer communications of Schwarzschild. 



4. Sharp Higher Order L 2 Estimates 

We commute the wave equation with d k where k £ N and k > 2 aiming at controlling all higher 
derivatives of ip (on the spacelike hypersurfaces and the spacetime region up to and including the 
horizon % + ). In view of Theorem [l] of Section [2] the weakest condition on ip would be such that it is 
supported on the frequencies I > k. 

4.1. The Commutator [D g , 9*] . First note that if R = D' + D' = ^ then 

d k r {U g iP) =D (d k ; +2 iP) + 2Td k ; +1 iP + ^Td k i/j + Rd k+1 ^ + d k fiiP+ 

i=i ^ ' i=i ^ ' j=i v / 
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Let us compute the commutator \A, d k ] . If we denote ^ the Laplacian on the unit sphere then 
= d k r = E Qdi^ • C^l = E • ^ k r~H 



i=0 



+ E ( k ) r 2 d l r r- 2 ■ £Sf" V- 



Therefore, 

(4.1) [£, ^]^ = -E( " pS>" 2 ' £#~V 



i=l 



and so 



(4.2) 



i=l i=l ^ ' r 

- E ■ - E ( fc Wr- 2 ■ f^-V- 

4.2. Induction on I. For any solution ^ of the wave equation we control the higher order derivatives 
in the spacetime region away from T~L + and the photon sphere: 

(4-3) \\d a Hl 2m o^n { M<r <r< ri <2M }) < C f f ]T ^ < J > 

where C depends on M, ro, ri and So and |a| = fc. This can be proved by commuting the wave 
equation with T l ,i = 1, k — 1 and using the degenerate X estimate of Theorem 1 of p] and 
local elliptic estimates. We next derive estimates controlling the & th -order derivatives of tp in a 
neighbourhood of T~L + . 

Proof of Theorem^ of Section^ For simplicity we write 72. instead of 72.(0, r) and T~L + instead of 
T~L + n 72.(0, r). We follow an inductive process. We suppose that the theorem holds for all m such 
that < m < I — 1, i.e. that there exists a neighbourhood A of T~L + and a uniform positive constant 
C that depends on M, So and k such that 

(Td^) 2 + (cV? +1 v>) 2 + \fd k r ^\ 2 + f {Td k ;^) 2 + X{k=m} \fd k ;^\ 2 

( 4.4) + / ( Td ^) 2 + (a r fe+ V) 2 + |y^| 2 

for all k < m and solutions supported on frequencies greater or equal to m. Note that for m = the 
above estimate is the result of Section 11 and for m = 1 of Section 12 of pQ. 

In order to show the above estimate for m = I we will construct an appropriate multiplier Lp. = 
L k T + L r k d r which is a future directed causal ^-invariant vector held such that Lk = in r > r\ 
and timelike in the region M < r\. The precise form of L k ,L k will be chosen only in the end. 
Again, we will be interested in the region {M < r < tq < ri}, where ro,7"i are to be determined 
later. The control for the higher order derivatives will be derived from the energy identity of the 
current J^ k [d^tp] 

(4.5) / #*[ejty] + I V% Lfc [9 r V] + / J**$ty]n& + =/ n£„. 
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By assumption, the right hand side is bounded. Also, since L k is timelike in a spatially compact 
region, we have 



(4.6) 

and on the horizon 
(4.7) 



J^[d^] n£ + = Ll(M) (T5 r V) 



2 L%{M) 



Note that L r k < on the horizon. It suffices to estimate the bulk integral. We have 
Recall that 

K L * [flty] = F vv (Td k i>) 2 + F rr {d k+1 ^f + F f \fd k ij\ 2 + F vr (Td k yj)(d k+1 i>), 
where the coefficients F a j, are given by 



F vv — (d r L v k ) , F„ — D 



{d r L 



k) L r k 



L ^,F f = ~ (d r Ll) ,F vr = D (d r L%) 



2L r , 



Equation ( |4.2[ ) gives us 



-E 



i=l 
fe 



i=l 



a:i? • a 



fc-t+i 



\d k -^ 



L k [d k iP] 



i=l ^ ' i=l V / 

- £ (?) ^ ■ 9 ^ (»r fc " i+ V) (raty) - £ f fc ) lj; • r 2 a>- 2 (^a r fc - v) (raty) 



fe 



fe 



i=l 
fc 



£ F- ^ (# _if V) (# +1 vo - e • F • C 



A' 



£ F' 9 ^ (»r fc " i+ V) (tf+V) - £ F • r25 ' r_2 (^"V) 



i=l 



In order to obtain the sharp result we need the following lemma 

Lemma 4.2.1. Suppose tp is a solution to the wave equation which is supported on the (fixed) 
frequency I. Then for all < i < I — 1 and any positive number e we /law 



H+ 



< G < £ / J ^ P^K + a£ / ^ [a;vK 



j^'[a^K T + e/ (ra» 2 , 



where C e depends on M, I and E - 

Proof. Using Theorem [T] of Section [2] it suffices to estimate the integrals 
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where < j < I. For < j < I — 1 we have 

The two boundary integrals can be estimated using the second Hardy inequality of Section 6 of pQ. 
Regarding the last integral on the right hand side, the Cauchy-Schwarz and Poincare inequality imply 

i4iP)(Td l r ip) < f - lya^f + <Td l r ^f. 

For j = I, we use that (Td l r ip)(d l r ip) — \T(d l r ^p) 2 and the second Hardy inequality. □ 

We are now in position to estimate the bulk integrals. We decompose ip = ipi + ip>i+i. This is 
needed in view of the factor X{k=i} m the statement of the theorem. Note that everytime we say 
that an integral can be estimated we mean that can be estimated by terms appearing 
on the right hand side of (4.4) and e's of the spacetime terms appearing on the left. 

Estimate for J H} (d*~ i+ V) + V) ,i > 



For i = we have Hq — —kL r k D' > and so this coefficient has the "right" sign in (4.5). 
For i > 1 we use integration by parts 

f hi (a*-+V) + / UhI + -hi) (a^+V) (afy) +f Hi (a*- <+J ty) (aty) 
= / Hi (a r fe -*+V) (aty) a r ■ ™ So - / (aty) a r • n Sr - / ^ (aty) a r • n„+ . 

JS JS T J-H + 

From Proposition 12.4.1. of [1] applied (and generalised) for d^ip and the inductive hypothesis all 
the integrals over A and S T can be estimated. It only remains to estimate the integral over H. + when 
i = 1. In this case, if we apply the Poincare inequality for the ipi component we notice that we need 
to absorb a good term in the divergence identity for whenever k = I. Indeed, 

(4.8) i/_H{ W = .m^ B , 

K J 21(1 + 1) 1V ' 2 



This implies that we cannot use the Poincare inequality on TL + in order to estimate (d l r ipi) 2 anymore. 
That is why we proved Lemm 
component tp>i+i we need a i 
portions of this term later on. 



That is why we proved Lemma 4.2.1 which we will use for the following integrals. Clearly, for the 
component ip>i+i we need a fraction of ^9*.^ along T~L + and thus we can take small (epsilon) 



For i>2we use Stokes' theorem 



Estimate for j H? (T<9£- i+ V) (aj^ty)>» > 1 



hi (ts^+V) (a r fc +V) + J Uh? + 2 -h^ (ra*-'+V) (aty) + J Hf (ra*-*+V) (aty) 

Hf (Td k - i+X Tp) 3r ■ n Eo - / iff (Td r fc -*+V) 9, ■ n Er - / fl? (Tc^+V) 9 r ■ 

Again from Proposition 12.4.1. of [T] and the inductive hypothesis we can estimate all the above 
integrals. Note that in order to estimate the integrals along H + for the component ipi we follow the 
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same argument as in the proof of Lemma |4.2.1| For i = 1 we use the wave equation and thus 



fl?(raty)(# + V) =Hl 



d*- 1 ( -Ddfy - 2 T^ - Rd r *P - ^ 



(a r fe+ V) 



J2( k . 1 )if 1 2 ^(^+v)(^ + v) 

j=0 V J / 

3=0 V J 7 
^— n \ J / 



3=0 

The integrals of the first sum can be estimated for j = 0,1 since their coefficients vanish on the 
horizon and the case j > 2 was investigated above. 

The integrals of the second sum were also estimated before. 

For j = the integral of the third sum can be estimated since its coefficient vanishes on H + . If 
j > 1 then again these integrals have been estimated. It remains to estimate the integral of the last 
term. Integration by parts gives 

Hi (d^H>) + / ( d r Hl + 2 -hA {d^H) (aty) + / Hi (a*^>) (a r V) 

n Jn \ r J Jn 

= j Hi (fl*" 1 ^) (flty) d r ■ n Eo - / Hi (flf" 1 ^) (dfy) 8 r • nsv - / H\ (d^ 1 ^) (flty) d r 

7S JS T Ju+ 

If we set Q = d r Hl + then 



We estimate this integral by applying Stokes' theorem on § 2 and Cauchy-Schwarz and using the 
inductive hypothesis. Regarding the last bulk integral we have 



Hi (d*u) (a r V) = / Hi (#afy - [f ,a r fc ] (a r V) 

n Jn 

Therefore, by applying Stokes' theorem on § 2 we see that this integral can be estimated provided 
we have Hi < —\d r U k (M) . Note that Hi does not depend on d r L r k . Furthermore, the boundary 
integral over / H + can be estimated as follows: For the component ipi we have tfsipi = — l< " 1 ^ tpi and 



thus d k 1 /fcipi depends on d^ipi for < i < k — 1 and thus we use Lemma 4.2.1 For the component 
V>>z+i we commute <9^ -1 and //\, we use Stokes' theorem on S 2 and Cauchy-Schwarz as above. 

Estimate for j H? (d* _i+ V) (Vd^) , % > 1 

The case i = 1 was investigated above. 

For i > 2 we use Proposition 12.4.1. of [1] and Cauchy-Schwarz. 

Estimate for j Hf (t0* _ >) {t8^ , i > 1 
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We use Cauchy-Schwarz and the inductive hypothesis. 

Estimate for J Hf (^<9>) (tS?v) ,i<k-l 

For i = we solve with respect to /f\ip in the wave equation and then use Cauchy-Schwarz and the 
inductive hypothesis. We proceed by induction on i. Assuming that (^d^ip)(Td^ijj) is estimated for 
all < j < i — 1 we will prove that the integral {/f\d l r ^p){Td^'ip) can also be estimated. We have 

The first term on the right hand side can be estimated by solving with respect to in the wave 
equation and using Cauchy-Schwarz. The second term can be estimated by our inductive hypothesis. 

Estimate for J Hf (dr + V) ,* > 1 

Integration by parts yields 



St 



The second bulk integral and the boundary integrals over E are estimated using Stokes' theorem on 
§ and the inductive hypothesis. The last bulk integral is estimated by commuting the spherical 
Laplacian with d r and applying again Stokes' theorem on S 2 and Cauchy-Schwarz. Thus for i > 2 
we use the inductive hypothesis and for i = 1 it suffices to have Hf < — ^d r L k (M) . Regarding the 
integral over H + we have the following: For the component tpi we have tfsipi = — and thus 



/f^d^~' l 'if>i = — dr~ l ipi and so we apply Lemma 4.2.1 to estimate it. For the component ip>i+i 
we use Stokes' theorem on § 2 , Cauchy-Schwarz and the inductive hypothesis. 

The construction of Lk is now clear for all k £ N. It suffices to take L k (M) < 0, L k (M) > and 
—d r L r k and d r L\ (M) sufficiently large. 

Note that no commutation with the generators of the Lie algebra so(3) is required. 

□ 

4.3. Improved L 2 Estimates for T m ip,m > 1. We next show how to apply the results of Section 
[3] to obtain improved results for T m tp,m > 1. We show the following 

Proof of Theorem^ statement (2). Recall that the only reason we had to restrict k to be such that 
k < I is for estimating the integral J n Hl(d^ifj)(d^ +1 ip). Specifically, we saw that this integral can 



be controlled by other "good" terms in the energy indentity (4.5) only if k < I since in this case we 
can estimate the integral 

I k [i>] = { (d k r ^) 2 



using the Poincare inequality. Clearly, if we could show that the integral / is bounded, then no use 
of the Poincare inequality would be required and thus by working as in Section |4.2| we could derive 
L 2 estimates for even higher derivatives of ip. We first prove the following 

Lemma 4.3.1. There exist constants C which depend on M,k,l,m such that for all solutions ip of 
the wave equation which are supported on the frequency I we have 

(1) 

urn <cj2 1 j»\t i ^ q +cj2 [ W« , 

for alll<k<l. 
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(2) 



(3) 



Z+m— 2 „ l—l m — 1 „ 

i=0 i=0 ]=0 J^aDA 



Proof. First note that J < / E J?[4>]n£ 



For fc = 1 (and so Z > 1) we use O g ip — and that the 



zeroth order term can be bounded using the Poincare inequality to obtain Ii[Tip] < C J s J^lij^n^. 
For fc = 2 (and so Z > 2) using d r (O g i/j) = we have that d^Tip can be expressed as a linear 
combination of d r Tip,d r ip,Tip,ip on H + . Note that (the integral of) d r Tip,Tip,ip can be estimated 
using previous results. The term d r tp can be estimated using the first statement of Theorem [2j 
Inductively, using d^~ 1 (D g ^p) 



(see ( |3.5[ )) we obtain 



fc-i . 
W]<C£ / 



fe-i 

z=0 



The first part follows from the inductive hypothesis and the first statement of Theorem [2] (as long as 
k<l). 

For the critical case of the second part note that for I = we have d r Tip = —j^Tip on H + and so 
h[Tip] < / B ^M^Eo- 0n the other hand > for ' > !j since = 0, we nave that d l r +1 T%l> can 

be written as a linear combination of d l r Tip,i = 0, 1, ...,Z on H + . Therefore, the first part and the 
Cauchy-Schwarz inequality finish the proof of the second part. 

The third part can be proved by induction on m. For m — 1 the result has been proved. By 
considering now (3.5) for fc = I + m — 1 and ip replaced with T" 1-1 ^ we take that d l r +m T m ip can be 
written (on H + ) as a linear combination of d r +rn ~ 1 T m i/), d l r +m ~ 1 T m ~ 1 ip and other lower order terms. 
The integral of 9| +m_1 T m_1 '0 can be estimated inductively. Finally, for the term d^~ m ~ 1 T m ip we 
observe that Ii +m _i[T m ip] = J;_|_ m _i[T m_1 (T'^>)], which can also be estimated inductively. Note that 
in view of Proposition 3.1.1 no such estimate holds for I k [T m ip] for k > I + m + 1. 



□ 



Indeed, if fc < Z then 
If I < k < I + m 



We can now show that I k [T m ?jj] is bounded whenever m > 1 and k < I + m 
I k [T m 4>] = I k [T{T m - 1 iJj)} and the result follows from the first part of Lemma |4~3~T 
then 

4[T m V] = Ii+m-ilT™-*^)] = I l+m >[T m ' '(Tty)], 
which can also be estimated using Lemma 4.3. 1| since m' = m — i > 1. 

Finally, we need to show that I k [T m ip], k < I + m, is bounded for all ip>i which are supported on 
frequencies greater or equal to Z. Indeed, if k < I then we simply use the first statement of Theorem 
H If fc > I then 

h[T m i>>i] = h[T m Tpi] + h[T m i>i+i] + ■■■+ 4[T"V fe ] + I k [T m ^> k+1 ] 

The last term on the right hand side can be bounded using Theorem [2] again. The remaining terms 
can be estimated using the above results. Therefore, no use of the flux of L k along H + is needed 
whenever m > 1. 

□ 



5. Energy Decay 

In this section we derive the decay for the non-degenerate energy flux of N through an appropriate 
foliation. The first step is to obtain non degenerate estimates on regions which connect T~L + and T + 
(without containing i ; this has to do with the fact that energy is radiated away through null infinity) . 
Such estimates were first derived in the recent [16] along with a new robust method for obtaining 
decay results. Here we establish several estimates which will allow us to adapt the methods of [IB] 
in the extreme case. These new estimates are closely related with the trapping properties of T-L + . 
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Recall the S T foliation defined in Section [i] For arbitrary n < T2 we define 
K T r \ = U re[Tl)T2] S T , VII = Kl n {r > Ro} , iV r = E r n {r > i? } , = ft£ n {r = R } . 




5.1. r- Weighted Energy Estimates in a Neighbourhood of I + . The main idea is to derive 
a non-degenerate L 2 spacetime estimate and then derive similar estimates for its boundary terms. 
From now on we work with the null (it, v) coordinates unless otherwise stated. 

Proposition 5.1.1. Suppose p < 3. There exists a constant C that depends on M and £0 such that 
if ip satisfies the wave equation and tfi = rip then 



(5.1) 



r 



r 2 Ji>:? r Jt>% 4 



<C I Jj[^n| + 



2 



Proof. We first consider the cut-off function C : [i?o, +00) — > [0, 1] such that 

((r) = for all r G [i? , #0 + 1/2] , CM = 1 for all r £ [R + f , +00) . 
Let q — p — 2. We consider the vector field 

V = r q 8 v 

which we apply as multiplier acting on the function C<^> in the region 2?^? . Then 

K v ic<f>]+£ v m= f j^k. 

Note that for r > R Q + 1 we have K v [C<p] = K v [(j)} and £ v {(<j)} = £ v [4>]. Then, 
K v (<f>) = (V {r q d v )) v = ((Vr«) + T^r« (V^)" 

= 2r«- 1 (a u 0)(9„0) + qr*-\d v ij>) 2 + ~ (- 9 £> - r£>') \fcp\ 2 . 

Note that since ip solves the wave equation <p satisfies 4)d u d v tp + ^r<p — ft4> — and so 

2 D' 

Og(j) = —{d u 4> - d v </)) H <p, 

r r 

which, as expected, depends only on the 1-jet of tj>. Therefore, 

£ v [cj > ] = r«(d v cP){n g( (>) = -2r"- 1 (a u 0)(a^) + 2r q - 1 {d v 4>) 2 + D' r^ 1 cj>(d v <p) . 

Thus 

K v [4>] + £ V [<P] =(q + 2)r"- 1 (d v ^f + (-qD - rD>) \f<p\ 2 + D'r^^i 
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However, 



r-. . 3M 

\AD(l-g 

r 



I All J I+ 

Note that in Minkowski spacetime we would have no zeroth order term in the wave equation. In our 
case we do have, in such a way, however, such that the terms on the right hand side of the above 
identity have the right sign for p < 3 and sufficiently larg^] i?o • 

In view of the cut-off function £ all the integrals over vanish. Clearly, all error terms that 
arise in the regiorj^jw = supp(£ — 1) = {i?o < r < Ro + 1} are quadratic forms of the 1-jet of ip and, 

therefore, these integrals are bounded by / J J Up] n'i . Note that only a degenerate Morawetz 
(see [T]) is needed for the considerations near null unfinity. Also 

f Jj[C0K=/ r« (d v (<f>f [ r* {d v Qcj>f - I ^\ycp\ 2 . 
Jdi>l\ Jn t1 Jn T2 Jx+ 4 

The last two integrals on the right hand side appear with the right sign. Finally, in view of the first 
Hardy inequality of Section 6 of pQ, the error terms produced by the cut-off £ in the region W are 
controlled by the flux of T through E Tl . 

□ 

The reason we introduced the function <p is because the weight r that it contains makes it non- 
degenerate (ip = on I + but <p does not vanish there in general). The reason we have divided by r 2 



in (5.1 ) is because we want to emphasise the weight that corresponds to tp and not to 



A first application of the above r- weighted energy estimate is the following 

Proposition 5.1.2. There exists a constant C that depends on M and Eo such that if ip satisfies 
the wave equation and T>^ 2 as defined above with R sufficiently large, then 



Proof. Applying Proposition 5.1.1 for p = 1 and using the fact that for r > Rq and Rq large enough 
D — rD' > |, we have that there exists a constant C that depends on M and Eo such that 

1 



(5.2) 



4 (d^f + ~ 
r-2 r r' 



\¥<P\ < c 



4 M« 



/' 



c 



Note now that since \f<f>f = r 2 , ^3 yields 



v 2 



m\ 2 <c 



JlW\n% +C 



(d v <py 



Furthermore, for sufficiently large i?o we have 



\ {d v <Pf > 



T3' T \ 



1 



2Dh 



{d v <pf = 



2D 2 



(d v ipy + 



ADr 



:d v (riP 2 ). 



However, if £ is the cut-off function introduced in the proof of Proposition |5. 1 . l| then 



1 



jd v (r(CV) 2 ) = 



(CVO 2 - 



lf)T2 ADr- 

Therefore, the above integral is of the right sign modulo some error terms in the region VV coming 
from the cut-off (. These terms are quadratic in the 1-jet of ip and so can be controlled by the T-flux. 



Clearly we need to take Rq > 2M. 
^The weights in r play no role in this region. 
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Finally, since is null we have J^[ip)'n l ^ J 
formula we have the required result. 



{d v ip) + \ fip\ and thus by (5.2) and the coarea 

□ 



This is a spacetime estimate which does not degenerate at infinity. Note the importance of the 
fact that the region T>^ does not contain i°l If we are to obtain the full decay for the energy, then 
we need to prove decay for the boundary terms in Proposition 5.1.2 The first step is to derive a 
spacetime estimate of the r- weighted quantity r~ 1 (d v (j>) 2 . 

Proposition 5.1.3. There exists a constant C which depends on M and So such that 
r T 2 / r N 



r- L (d v ct>y )dr <C 



s T1 



C 



Proof. Appying the r-weighted energy estimate for p = 2 we obtain 



r 



<cf \\n\ 2 + C [ JjMn| r +c/ (d v ,r, 



2 



The result now follows from (5.2 1 and the coarea formula. □ 

5.2. Integrated Decay of Local (Higher Order) Energy. We have shown in pQ that in order 
to obtain a non-degenerate spacetime estimate near T-L + we need to commute the wave equation with 
the transversal to the horizon vector field d r and assume that the zeroth spherical harmonic vanishes. 
Indeed, if A is a spatially compact neighbourhood of H + (which may contain the photon sphere) 
then we have: 

Proposition 5.2.1. There exists a constant C that depends on M and £o such that if ip satisfies 
the wave equation and is supported on I > 1, then 



Regarding the above boundary terms we have 

Proposition 5.2.2. There exists a constant C that depends on M and E such that if tp satisfies 
the wave equation and is supported on I > 2, then 

f 2 ( I )dr <cj2[ J»iT^K t +cj2l • 



Proof. Immediate from Theorem [2] of Section [2] and the coarea formula. □ 

5.3. Weighted Energy Estimates in a Neighbourhood of % + . Since for I — the above 
estimates do not hold for generic initial data, we are left proving decay for the degenerate energy. 
For this we derive a hierarchy of (degenerate) energy estimates in a neighbourhood of H + , the crucial 
ingredient of which is the existence of the vector field P. This vector field is timelike in the domain of 
outer communications and becomes null on the horizon "linearly" . This linearity allows P to capture 
the degenerate redshift in A in a weaker way than ./V but in stronger way than T. In this subsection, 
we use the (v, r) coordinates. 

Proposition 5.3.1. There exists a ip^ -invariant causal vector field P and a constant C which depends 
only on M such that for all ip we have 

in an appropriate neighbourhood A of H + . 
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Proof. Let our ansatz be P = P"T + P r d r . Recall that 

K p [i/,] =F VV (TV) 2 + F rr {d r ^f + F f \fiP\ 2 + F vr (Tip) (d r ^) , 
where the coefficients are given by 



(d r P v ) , F rr = D 



(d r P r 



pr 

r 



pr jjl i 9 P r 

— , F f = -2 & pr ) » F «r = D ( d r PV ) ~ — 



Let us take P r {r) = —\/D for M < r < ro < 2M with ro to be determined later. Then 



D> 



DD 1 



= D 



D> 



D. 



Since = the constants in ~ depend on M and the choice for ro. Also, 



TP 



D(d r P v ) 



< eD 



D{d r P v ) 



If we take e sufficiently small and P v such that - 



D{d r P v 



< d r P v (note that this is always 



possible in view of the degeneracy of yD at % + ), then there exists ro > M such that 



(5.3) 



K 



7# 



in .4 = {M < r < ro}. Extend now P in 1Z such that P v (r) = 1 and P r (r) = for all r > r\ > ro for 
some ri < 2M. This proves the first part of the proposition. In region A we have —g(P, P) ~ VX> 
and so 



(5.4) 



K 1 



□ 



5.4. Decay of Degenerate Energy. 

5.4.1. Uniform Boundedness of P-Energy. First we need to prove that the P-flux is uniformly 
bounded. 

Proposition 5.4.1. There exists a constant C that depends on AI and Eo such that for all solutions 
tp of the wave equation we have 



(5.5) 



Proof. Stokes' theorem for the current J P gives us 



J p n» + 



J p n» + 



K p = 



■R 



Note that since P is a future-directed causal vector field, the boundary integrals over H + and I + arc 
non-negative. The same also holds for K p in region A whereas it vanishes away from the horizon. 
In the intermediate region this spacctimc integral can be bounded using the degenerate X estimate 
of Theorem 1 of [I]. The result now follows from </Jn M <CJ P n^. □ 

We are now in a position to derive local integrated decay for the T-energy. 

Proposition 5.4.2. There exists a constant C that depends on M and Eo such that for all solutions 
ip of the wave equation we have 

' dr<C 



Ans T 
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and 



AnT, T 



dr <C 



in an appropriate ip T -invariant neighbourhood A ofH^ 



Proof. From the divergence identity for the current and the boundedness of P-energy we have 



K F <C 



A 



for a uniform constant C. Thus the first estimate follows from ( 5.3 ) and the coarea formula. Likewise, 

the second estimate follows from the divergence identity for the current J^' S ' 2 , the boundedness of 
the non-degenerate ./V-energy and (5.4 1. □ 

5.4.2. The Dyadic Sequence p n . In view of Propositions 5.1.2 and |5.4.2 we have 



(5.6) 
where 



K M»£ r ) dr < CI^ [i>], 



- 1 (d^y 



Nr 



Moreover, from Propositions |5.4.2 and |5.1.3| we have 
(5.7) 



mdr < C/| ti [Tip] + CJ^ [V>]n" + C 



(d v <j>) 2 



for a constant C that depends on M and So- This implies that there exists a dyadic sequenc^] p 71 
such that 



Pn 



where E\ is equal to the right hand side of (5.7) (with t\ = 0) and depends only on the initial data 
of tp. We have now all the tools to derive decay for the degenerate energy. 

Proposition 5.4.3. There exists a constant C that depends on M and S such that for all solutions 
ip of the wave equation we have 



I JZbP]nl<C El ± 



where E\ is as defined above. 



Proof. We apply (5.6) for the dyadic interval [p n ,p n +i] to obtain 

C(L mn ^) dT - CE w 



In view of the energy estimate 



■WK T ^ c I. -WK 



which holds for all r > r', we have 

(Pn+i — Pn 



'/■ ^J n | n 



< CE X - 



Pn+l 



Since there exists a uniform constant b > such that br n+ i < r n +i — r„ we have 

1 



Dyadic sequence is an increasing sequence p n such that p n ~ Pn+i ~ (p 



n+l 



Pn)- 
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Now, for t > pi there exists n e N such that p n < r < p n +i- Therefore, 



which is the required decay result for the T-energy. 



□ 



5.5. Decay of Non-Degenerate Energy. We now derive decay for the non-degenerate energy. 
Note that for obtaining such a result we must use Proposition 5.2.1 which however holds for solutions 
to the wave equation supported on the frequencies I > 1. In this case, in view of the previous 
estimates we have 

CT2 / f 

(5.8) ' < ' 

where 



.4n£ T 



Proposition 5.5.1. There exists a constant C that depends on M and E such that for all solutions 
ijj to the wave equation which are supported on I > 1 we have 

1 



where E% depends only on the initial data of ip md is equal to the right hand side of (5.8) (with 
n =0). 



Proof. We apply (5.8) for the interval [0,r] and use the energy estimate 



JfMn^ < C 



J? Win* 



which holds for all r > t' and for a uniform constant C. □ 

5.5.1. The Dyadic Sequence r„. If we consider solutions which are supported on I > 2 then from 
Propositions 5.1.3 5.2.2 and by commuting (5.8) with T we take 

(5.9) r 4W T < CI t W\ + CI i [Tip]+C [ J»[d r d r $\n>t +C [ {d^f 

Jti t T1 T1 JAnt T1 T JN T1 

This implies that there exists a dyadic sequence t„ such that 



n 1 n. 



where the constant E% is equal to the right hand side of (5.9) (with t\ = 0). We can now derive 
decay for the non-degenerate energy. 

Proposition 5.5.2. There exists a constant C that depends on M and Eo such that for all solutions 
ijj to the wave equation which are supported on I > 2 we have 

1 

\ < ' I- '■ » 

where E3 is as defined above. 



Proof. If we apply (5.8) for the dyadic intervals [r„, t„ + i] we obtain 

/ r .. \ CE* 



dr < 



In view of the boundedness of the ./V-energy we have 



n+1 



< 



CE 3 

T n +1 
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Since there exists a uniform constant b > such that br n+ i < r n+ i — r n we obtain 



... CE* 

S T „ + 1 ~ T "+* ''n+l 



Now, for r > Ti there exists n € N such that r„ < r < r n +i. Therefore, 



CE3 C £3 _ _ 1 



3- 



□ 



which is the required decay result for the energy. 

The above propositions completes the proof of Theorem [3| 

6. Pointwise Estimates 

6.1. Retrieving Pointwise Boundedness. In [T] we proved that all the solutions to the wave 
equation ip remain uniformly bounded in Ai. We show the same result here by exploiting the 
spherical symmetry. We work with the foliation S r (or S T ) and the induced coordinate system 
(p, uj). For tq > M we have 

^ (r , w) = {J^™ (d p i>) dp^j < ^ + °° (9 P V) 2 p 2 dp^j ^ + °° idp) = i ^ + °° (9 P V) 2 P 2 rfp 
Therefore, 

(6.1) f il> 2 {r ,u)du < - f l + {d p ^f P 2 dpduj < - f J?[«l>]n^, 

Js 2 r J§ 2 J ro r Q Js T n{r>r } 

where C is a constant that depends only on M and So- 

Theorem 6.1. There exists a constant C which depends on M and So such that for all solutions ip 
of the wave equation we have 

2 1 



(6-2) W<C-E A -, 

r 

where E 4 = E| fc |< 2 /s n J » IPV^Eo ■ 



Proof. From the Sobolev inequality on S 2 we have \ip\ 2 < CE|fc|<2./s 2 (^VO an d the theorem 



follows from (6.1 ) and the uniform boundedness of the non-degenerate energy. □ 



6.2. Pointwise Decay. 

6.2.1. Decay away from H + . We consider the region {r > Ri}, where R\ > M. From now on, C will 
be a constant depending only on M, R\ and Sq- 




Clearly, in this region we have Jffn 1 ^, ~ J^ n> s arl d ~ depends on R\. Therefore, from (6.1) we 
have that for any r > R\ 



S 2 



ip 2 (r, oj)du; < - f <C-EM — 

r J± ^ T r ■ t 
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Applying the above for ip, Clitp, Clijip and using the Sobolev inequality for § 2 yields 

r ■ t 

where E§ — Yl,\k\<2^ [" V*]- Next we improve the decay with respect to r. Observe that for all 
r > Ri we have 

{r^f{r,uj)duj = [ (R 1 ipf(Ri,uj)duj + 2 [ [ -d p (pip)p 2 dpduj 

S 2 Js 2 J§ 2 JR.! P 



< cem\ + cJ f ^ 2 f 

T y Jt T n{r>R 1 } P Jt T n{r>R l } 

However, from the first Hardy inequality (see Section 6 of [1]) we have 

Moreover, if R$ is the constant defined in Section [5] and recalling that pip = cj) we have 



2 



JS T n{r>R 1 } JS T n{R >r>R 1 } J N. 

< C [ Jj^n| + / (d^f < C [ jJ[0]n| Q + / {dAf, 
where for the second inequality we used Propositions |5.1.1| and 5.1.2 Hence for r > 1 we have 



r 2 



iP 2 (r,Lo)doj < CE 1Z z + Cy/EnlC I JjM^ o + ]_ (d v ^) 2 - < CE,-, 



since the quantitiy in the square root is dominated by E\. Therefore, by the Sobolev inequality on 
S 2 we obtain 

^ 2 <CE 5 ^—. 

r z ■ t 

6.2.2. Decay near T-L + . We are now investigating the behaviour of ip in the region {M < r < Ri}. 
We first prove the following 

Lemma 6.2.1. There exists a constant C which depends only on M such that for all n with M < r\ 
and all solutions ip of the wave equation we have 

C Ei 



ip (ri,cj)dui < 



(n - M) 



Proof. Using (6.1) we obtain 



S 2 



ijj 2 (ri,u)dui < 



C 



< 



< 



r i JE T n{r>n} 
C 

riD{n) 
C_ 



c 



M L " J ^ n J^ n{r > ri} D{ P ) " lT,, % 



x T n{r> ri } 



D{p)J%ty]nl T 



J T M< < 



C E 1 



~ ( ri - M) 2 r 2 



□ 



Lemma 6.2.2. There exists a constant C which depends only on M, R\ such that for all r$ 6 [M, Ri] 
a > and solutions ip of the wave equation, we have 



^ 2 {r Q ,u)du < CE 1 -^- + C^E[-, 

§2 T T 



E T n{r <r<r +T-°} 



(3 P V0 2 - 
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Then by applying Stokes' theorem for the hypersurfaces shown in the figure above we obtain 
^ 2 (r ,^)< / ^ 2 (r + T- Q , W ) + C / ^drf). 

S 2 JS 2 Jt T n{ra<r<ro+T-"} 



For the first term on the right hand side we apply Lemma 6.2.1 (note that M < ro + t a ). The 
lemma now follows from Cauchy-Schwarz applied for the second term, the first Hardy inequality of 
PQ and Theorem [jjj □ 

The case I = 

We first assume that ip is spherically symmetric. Then we have the pointwise bound 

\d P i>\ < c^¥ 6 , 

in {M < r < Ri}, where 

e 6 = \\d r nl~(t a ) + e m+ Ei[m. 

This can be easily proved by using the method of characteristics and integrating along the charac- 
teristic u = c the wave equation (expressed in null coordinates). Hence Lemma 6.2.2 for a = | 
gives 

/ i> 2 {r a M<^<CE l \ + C^ l Jlt (i \<CE & \, 
where Eg = E\ + E§ . Since ip is spherically symmetric we obtain 



(6.3) 



^ <CE 6 X 

T 5 



The case I = 1 

Suppose that ij> is supported on I — 1. Then from Lemma 



6.2.2 



for a — 4 we obtain 



T 2 r y JS T n{r <r<r +T-«} 

< CE\ — 5 — h G\J Ey \J Ei — 3- < CEj — 3- 
7-2 T 2 T 2 



where we have used Proposition 
we have 



5.5.1 



and E-j — E\ + E2. Therefore, by the Sobolev inequality on § 2 
1 



%l>* < CE 7 



3 

T 2 



in {M <r< Ry}, where E 7 = T,\k\<2 E 7 • 
The case I > 2 



Suppose that -0 is supported on / > 2. Then from (6.1) and Theorem 5.5.2 we have that there 



exists a constant C which depends only on M and R\ such that 

tf<CE 3 \ 
s 2 ' 
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in {M < r < Ri}. By Sobolev we finally obtain 



r<cE % — , 

where E$ — Yl\k\<2 -^3 [Q k ip] ■ This completes the proof of Theorem jij 
6.3. Applications. We next derive improved decay for the waves Tip, TTip. 

Proposit ion 6.3.1. Fix Ri such that M < R\ and let t > 1. Let Et,Es be the quantities as defined 
in Section 



6.2 



Then there exists a constant C that depends on M, R\ and E such that: 

• For all solutions ip to the wave equation we have 

|T^|<C/b7M4, \TTiP\<Cy/E 8 [TTip]-, 
in {M < r < Ri}. 

• For all solutions ip to the wave equation which are supported on the frequencies I > 1 we have 



\TiP\ < C^/E^W}-, 



in {M < r < R x }. 



Proof. We first observe that Proposition 5.2.1 holds for all frequencies when ip is replaced with Tip. 



Indeed, we have shown that we can commute in this case with d r (see Theorem [2j statement (2)). 
Therefore, using the third Hardy inequality of p] implies that (5.8) and Proposition |5 . 5 . l" hold for 
all frequencies when ip is replaced with Tip. Hence, the argument of Section [6. 2. 2| for the case I = 1 
works for all frequencies when restricted for Tip. 

Similarly, Proposition |5.2.2| holds for all frequencies when ip is replaced with TTip and so we can 
argue as in the case I > 2 above. The second part of the proposition follows in a similar way. 

□ 



7. Higher Order Estimates 

We finish this paper by obtaining energy and pointwise results for all the derivatives of ip. We 
first derive decay for the local higher order (non-degenerate) energy of high frequencies and then 
pointwise decay, non-decay and blow-up results for generic solutions. We finally use a contradiction 
argument to obtain blow-up results for the local higher order energy of low frequencies. The general 
form of Theorems [5j [6] of Section [2] is proved at the end of this section. 

7.1. Decay of Higher Order Energy. 

Theorem 7.1. Fix Ri such that Ri > M and let r > 1. Let also k,l G N. Then there exists a 
constant C which depend on M, I, R\ and So such that the following holds: For all solutions ip of the 
wave equation which are supported on the angular frequencies greater or equal to I, there exist norms 
Ek,i of the initial data of ip such that 



J^[d^ip]n^ < CE 2 kl ^r for all k < I 

1 



S x n{M<r<Hi} 



T — ~ "1—1, ( _ 



Proof. By commuting with T and applying local elliptic estimates and previous decay results, the 
above integrals decay on E r n {ro < r < Ri} where ro > M. So it suffices to prove the above result 
for E T D A, where A is a (^-invariant neighbourhood of T~L + . For we use the spacetime bound given 
by Theorem [2] which implies that there exists a dyadic sequence r n such that for all k < I — 1 we have 

(7.i) / J^[a?vK < CK i-' 
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where 



Kl = E / ^ n| o + E / ^ [^] 4 ■ 
Then, by Theorem [2] again we have for any r such that r„ < r < r n+1 

o e /. $ ^ +^e /- j » m n i 



7„ T 



where E depends only on the initial data. Suppose now that k < I — 2. We apply Theorem [2] for the 
dyadic intervals [t^t,^!] and we obtain 

/ J^VK <cE /. J " M n t + E / J ^ "I ■ 

However, the right hand side has been shown to decay like t _1 and thus a similar argument as above 
gives us the improved decay for all k < I — 2. □ 

7.2. Higher Order Pointwise Estimates. The next theorem provides pointwise results for the 
derivatives transversal to T-L + of ip. 

Theorem 7.2. Fix R± such that R± > M and let r > 1. Let also k,l,m £ N. Then, there exist 
constants C which depend on M, I, Ri and E such that the following holds: For all solutions ip of 
the wave equation which are supported on angular frequencies greater or equal to I, there exist norms 
Ek,i of the initial data ip such that 

• \d*ip\ < CE k i- in {M <r < for all k< 1-2, 

T 

• < CEi- hr \ in {M <r< R x }, 



1 



• \d l r ip\ < CEij— m {M <r< 

T4 

Proof. Let ro such that M < ro < R\. We consider the cut-off 5 : [M, Ri + 1] — > [0, 1] such that 
S( r ) = 1, for r < Ri + \ and 6(r) = 0, for R 1 + 1/2 < r < i?i + 1. 




Then, 



(flty) (r ,c)d W = -2 / (5 r fc (^)) (W<W) 

^E T n{r- <r<_Ri + l} 



21 / (a r fe W))^ 

'E x n{r<_Ri+l} 



i; T n{r<jJi+i} 



{d P d k r {H)Y 



In view of Theorem 7.1 if k < I — 2 then both integrals on the right hand side decay like r 2 . If 
k = I — 1 then the first integral decays like t -2 and the second like t _1 and if fc = I the first integral 
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decays like r 1 and the second is bounded (Theorem^. Commuting with the angular momentum 
operators and using the Sobolev inequality yield the required pointwise estimates for d^tp for k < I. 

□ 

One can in fact show that d l r ip decays like r~i~ Sl , where Si > by using the argument of Section 
Mfor the case I = 0, i.e. by proving that d l r +1 ip is uniformly bounded (note that we can not obtain | 
decay in view of the fact that we can not use the first Hardy inequality, which allowed us to obtain 
further decay for the zeroth order term ip in the previous section) . We leave the details to the reader. 

Let now Hi[ip] be the function on H + as defined in Theorem [l] Since Hi[ip] is conserved along 
the null geodesies of Tl + whenever ip is supported on the angular frequency I, we can simply think 
of Hi[ip] as a function on §q = So H H + . We then have the following non-decay result. 

Proposition 7.2.1. For all solutions ip supported on the angular frequency I we have 

#+V(r,M)-> WKM) 

along H + and generically Hi[ip}(9, (p) ^ almost everywhere on Sq. 
Proof. Since 

^+V(r, 9, 0) + V P&Mt, 9, <P) = Hm{9, 4>) 



=o 



on H + and since all the terms in the sum on the left hand side decay (see Theorem 7.2) we take 
d l r +1 ip{r,9,(p) — > Hi[if)](6,4>) on H + . It suffices to show that generically Hi[ip](6 , <f>) ^ almost 
everywhere on Sq. We will in fact show that for generic solutions ip of the wave equation the function 
Hi[ip] is a generic eigenfunction of order I of /f\ on Sg. 

Note that the initial data prescribed on Eo do not a priori determine the function Hi [ip] on §q 
unless I — 0. Indeed, Hi[ip] involves derivatives of order k < I + 1 which are not tangential to So- For 
this reason we consider another Cauchy problem of the wave equation with initial data prescribed on 
Sq, where the hypersurface Sq is as depicted below: 



s 1+ 




Note that the hypersurfaces S and Eg coincide for r > R%. Any initial data set prescribed on 
Eg gives rise to a unique initial data set of Eg and vice versa. The Sobolev norms of the initial data 
on Eo and Eg can be compared using the pointwise and energy boundedness of [T]. Observe now 
that given initial data on Eg the function Hi[ip] is completely determined on Sg, since Hi[ip] involves 
only tangential to Eg derivatives at Sg. Therefore, generic initial data on Eg give rise to generic 
eigenfunctions Hi[tp] of order I of /fi on Sg. Hence, for generic solutions ip of the wave equation the 
functions Hi[ip] do not vanish almost everywhere on Sg. 

□ 

We next show that the above non-decay results imply that higher order derivatives of generic so- 
lutions ip blow-up along H + . To make our argument clear we first consider the spherically symmetric 
case where 1 = 0. 

Proposition 7.2.2. Let k £ N with k > 2. Then there exists a positive constant c which depends 
only on M such that for all spherically symmetric solutions ip to the wave equation we have 

latyi >c\H [ip]\T k - 1 
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asymptotically on % + . 

Proof. We work inductively. Consider the case k = 2. By differentiating the wave equation (see for 
instance (3.5)) we take 

(7.2) 2Td r d r i> + IfdA ~ ^Ti/j + ^d r iP = 

on H + . Note that Td^ip an d d r tp appear with the same sign. If H [ip] = then there is nothing to 
prove. Let's suppose that H > 0. Then 



We observe 



Therefore, 



[ if, < [ |V| <CE 6 I \=CE &T i. 

JO JO JO T5 

/ d r ip > H Q [t/j]T - CE 6 ri > cH [ip}T 
Jo 

asymptotically on H + . By integrating ( |7.2[ ) along W + we obtain 

dfy(r) = d 2 r m + jjOMO) - jjdMr) - 1^(0) + ^(r) - ^jL f W 

< dim + ^(0) - jj [h M + - J^(0) + ^(r) - JL / ^V, 

< r V(O) + ^^(0) - jjHoty] + CE 6 -*j - cH Q [i>]T 

< -cH Mt 



asymptotically on H + . A similar argument works for any k > 2. Indeed, we integrate (3.5) for k > 1 
(and / = 0) along H + and note that Td k+1 tp and 9^ appear with the same sign. Therefore, by 
induction on k, the integral J d^ip dominates asymptotically all the remaining terms which yields 
the required blow-up rates on T~L + . Note that the sign of d^ip depends on k and Ho[ip]. 

□ 

Corollary 7.2.1. Let k > 2. For generic initial data which give rise to solutions if) of the wave 
equation we have 

\d*ip\ -> +oo 

along H + . 

Proof. Decompose ip — tpo + ij)>i and thus 

|9 r fe V| 2 (M,w)dw > Air \d^ \ 2 (M,w). 



Hence the result follows by commuting with f2 i; the Sobolev inequality and the fact that the right 
hand side blows up as r —> +oo as Hq [ijj] ^ generically. □ 

Let us consider the case of a general angular frequency I. 

Proposition 7.2.3. Let k,l E N with k>2. Then there exists a positive constant c which depends 
only on M, I, k such that for all solutions ip to the wave equation which are supported on the frequency 
I we have 



\d l + k i,\(r,e,cj } )>c\H l me,<j ) )\ 



T k-i 



asymptotically on H 
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Proof. We first consider k = 2. If Hi [ip] (6, <fc) = then there is nothing to prove. Suppose that 
Hi[^](0,<j)) > 0. Note 

/ 



JO JO ,-_ n 



asymptotically on % + , since the integral on the right hand side is eventually dominated by Hi[ip]r 



in view of Theorem 7.2 If we integrate (3.5) (applied for k = I + 1) along the null geodesic of T~L + 
whose projection on the sphere is (6, (p) we will obtain 

a<+V(T,M)<-cif/M(M)T, 

since the integral JJ" eventually dominates all the remaining terms (again in view of the previous 

decay results). The proposition follows inductively by integrating (3.5 1 as in Proposition 7.2.2 Recall 
finally that for generic solutions ip we have Hi [ip] ^ almost everywhere on Sg . 

□ 

7.3. Blow-up of Higher Order Energy. The next theorem provides blow-up results for the higher 
order non-degenerate energy. It also shows that our estimates in Section[7]are in fact sharp (regarding 
at least the restriction on the angular frequencies). 

Theorem 7.3. Fix Ri such that Ri > M. Let also k,l G N. Then for generic solutions ip of the 
wave equation which are supported on the (fixed) angular frequency I we have 



S T D{M<r<R 1 } 



as t —¥ +oo for all k > I + 1. 



Proof. Consider M < r < Ri and let S be the cut-off introduced in the proof of Theorem |7.2| Then, 
(d^) 2 (r ,oj)du; = -2 [ / ' + (${6$)){d p %{8$))dpdu 

IS 2 JS 2 Jr 

k k+1 



•/£ T n{r <r<iii+l} i=Q l=Q 

where C depends on M, R\ and So- Then, 

k 

where G N. Note that for the above inequality we used local elliptic estimates (or a more 
pedestrian way is to use the wave equation and solve with respect to d^ip; this is something we can 
do since -D(ro) > 0). Then using (3.5) we can inductively replace the d r derivatives with the T 
derivatives. Therefore, commuting with and applying the Sobolev inequality imply that for any 
ro > M we have \d^ip\ ->0asr4 +oo along r = r$. Let us assume now that the energy of d^ip 
on S T . fl {M < r < Ri} is uniformly bounded by B (as Tj —> +oo). Given e > take r n such that 
r — M = and let r c be such that for all r > r e we have [d\ .ip{r, r )[ < Then, 

|a*V(ri,M)| < / |a*v(T j ,r D )|+ / \d p d k r ^\ 

Js 2 Jil T .n{M<r<ro} 

< \ + Mr Mf 2 ( [ tf[dHH j < *, 

1 \ Js r .fl{M<r<fli} T 3 / 
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for all r > r e . This proves that Jg 2 |9^-0( T j7 M)\ — > as tj — > +00 along H + . However, in view of 
Propositions 7.2.1 and 7.2.3 we have 



\d^\ fa) > CT^ 1 / \Hl[lP}\. 
§ 2 (M) JS 2 (M) 

We have seen that for generic i\) the function Hi[ip] is non-zero almost everywhere and since it is 
smooth we have Jg2( M ) > 0. This shows that the integral / g2 \dfy(Tj ■, M) | can not decay, 

contradiction. □ 

7.4. Applications. We conclude this paper by proving Theorem [5] and [6] of Section [2] which provide 
the complete picture for the derivatives of ij). 

Proof of Theorem^ The first two statements can be proved as the Proposition |7. 1| by observing that 
in view of statement (2) of Theorem [2] we can find a dyadic sequence r„ such that ( |7.1| ) holds for all 
k < I + m — 1. Having proved these two statements, the remaining ones can be proved by repeating 
the argument of Theorem 7.2 □ 



Proof of Theorem^ The first statement follows from Proposition 3.1.1 and the previous decay re- 
sults. For the second statement we integrate (3.5) for k = I + m + 1 and ip replaced with T™" 1 ^ 
and observe that J d l J ^ m+l T rn %p dominates eventually all the remaining terms. However, in view 
of statement (1) we have /J" d l r +m+1 T m il) ~ cHj[ip]T which completes the proof for k = I + m + 2. 
The general case can be proved by induction on k. Finally, the above two statements imply that 
generically the integral J &2 \d^T m ^p(T, 8, 0)| can not decay asr-> +00 along 'H + . Therefore, the last 



statement can be proved by repeating the argument of Theorem 7.3 



□ 
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Appendix A. Elliptic Estimates on Lorentzian Manifolds 



Let us suppose that (Ai,g) is a globally hyperbolic time-orientable Lorentzian manifold which 
admits a Killing vector field T. We also suppose that M. is foliated by spacelike hypersurfaces S T , 
where S r = <f) T (So)- Here, So is a Cauchy hypersurface and 4> T is the flow of T. 

Let A be a r -invariant timelike vector field and constants Bi , B 2 such that 

< B 1 < -g(N,N) < B 2 . 

We will first derive the required estimate in So which for simplicity we denote by E. For each 
point p € S the orthogonal complement in T p A4 of the line that contains A is 3-dimensional and 
contains a 2-dimensional subspace of the tangent space T p £. Let X2,X$ be an orthonormal basis 
of this subspace. Let now X\ be a vector tangent to £ which is perpendicular to the plane that is 
spanned by X 2 ,X 3 . Note that the line that passes through Xi is uniquely determined by N and E. 
Then, the metric g can be written as 



I gNN 

gNXx 


V 



gxtXt 








V 



W\ 9NN 




V 



\$9NX 1 






with respect to the frame (A, X±, A2, A3) and \g\ — gNN • gx x x x 







2 

9nXx- 






1/ 



Let hs be the induced 



Riemannian metric on the spacelike hypersurface S. Clearly, in general we do not have h 1 ^ = g'- 
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Indeed 



Let V : M 



( 9x 1 x 1 







/ gx 1 x 1 









1 


•) 


^E = 1 


1 


9 


V o 







V o 








satisfy the wave equation. Then, 



□ S V = tr fl (Hcss^) = ^ (V 2 ^ - 3 W ((VV) 0/3 + (VV) fl0 ) + ^' (VV) y • 



We will prove that the operator 



PV = ^'(V 2 V) i 



is strictly elliptic. Indeed, in view of the formula (V 2 ^)^- = XiXjip — (\7 x .Xj) tp, the principal part 
a of P is 



a^j = gVXiXrf. 



If £ e T*E, then 



l<?l 



1 



-£ 2 + £ 2 2 + £l 



Mien, 



where the ellipticity constant b > depends only on E. Moreover, if -0 satisfies □gV' — then 

i2 

Il2(S) 



||PVII 



L»(E) 



^((W) , + (vV)J 

/ 3 

ll^^ll^(E)+Ell X ^H^(S) 
V i=l 

Je 



L2(E) 



L2(E) 



»=1 



where C is a uniform constant that depends only on the geometry of E and the precise choice of N. 
Therefore, if tjj can be shown to appropriately decay at infinity then by a global elliptic estimate on 
£ we obtain 



ffi(E) 



+ 



2 



for some uniform positive constant C (here ff fc (S) denotes the homogeneous Sobolev space where 
the zeroth order term is omitted). 

In case our analysis is local and thus we want to confine ourselves in a compact submanifold E of 
E then by a local elliptic estimate on E we have 

^(e) <C-||PVHl 2 (s) + Whi(s) < I (cj?[1>]n»+CJ?[N1>]n»+1?). 

One can also estimate spacetime integrals by using elliptic estimates. Indeed, if 1Z(0,t) is the 
spacetime region as defined before, then 



f_ f\Vu\d 9lz = I (7 fdg^)dt, 
Jk(o,t) Jo \Je t / 



where the integrals are with respect to the induced volume form and u : M — > K is such that u(p) = t 
iff p E E T . Then Vu is proportional to and since T(u) = 1, Vu is r -invariant. Therefore, |Vu| 
is uniformly bounded. If now / is quadratic on the 2-jet of ip then 

^(E f ) df < C jf J^]n^ + J^m\n^ + ^ df 

Jk(0,t) E 1 



/ fdgn 


^1 


Jh(o,t) 


Jo 
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In applications we usually use these results away from T-L + where we commute with T and we use 
the degenerate X and Morawetz estimates of pQ. We can also use this estimate even if £ (and TV) 
crosses H + , provided we have commuted the wave equation with N and NN (recall that we need 
commutation with NN only for degenerate black holes). 
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